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Abstract
Topological properties of a space consisting of lattice-valued mappings, namely, topologies on a
lattice, as well known, are certainly affected by ordered structures on the range. In this paper, some
stronger inverse results will be proved. Some ordered structure on the range can be characterized by
the presence of topological or analytical properties such as analytic characterizations of lattice-valued
semicontinuous mappings, lattice-valued Hewitt–Marczewski–Pondiczery Theorem, etc. In fact, the
ordered structure and the topological property are determined by each other.  2002 Elsevier Science
B.V. All rights reserved.
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In mathematics, the structures like MX are often investigated. For M = 2, subset of X
is investigated; for M being a topological space Y , function spaces is considered; as for M
being a complete lattice L, L-valued topologies or L-fuzzy topologies are objects being
studied. The mathematical structures (topological, analytic, ordered or algebraic) of M and
MX have close relationship. The research on the influence among these structures (even
mutual determinations) is an interesting topic.
In the present paper, the main goal is to prove the following simplified statements:
(1) A distributive complete lattice L is completely distributive if and only if for
every topological space X all the semicontinuous mappings from X to L can be
represented by upper limits and lower limits of these mappings taking values in a
local area of X.
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(2) A distributive complete lattice L is completely distributive if and only if for
every topological space X all the semicontinuous mappings from X to L can be
approximated by L-valued step mappings.
(3) A completely distributive lattice L is anti-diamond-type if and only if the
connectedness of everyL-fuzzy topological space is equivalent to the connectedness
of its back-ground space.
(4) The largest element of a completely distributive lattice L is join-irreducible if and
only if for every family of L-fuzzy topological spaces there exists an upper bound of
the density of the L-fuzzy product space of this family, which is represented by the
densities and numbers of factor spaces. Clearly, this result strengths and generalizes
The Hewitt–Marczewski–Pondiczery theorem in general topology, which limits the
density of a product topological space with the power of the density of its factor
spaces.
In the sequel, X always stands for a non-empty ordinary set and L a complete lattice.
For a set A, [A]<ω stands for the family of all the finite subsets of A, |A| denotes the
cardinal number of A. The smallest element and the largest element of L are denoted by
0 and 1 for short, respectively. Denote the family of all the mappings from X to L by LX .
By defining the partial order “” in LX pointwisely, LX also forms a partial ordered set
and hence a complete lattice. For every a ∈ L, let a denote the constant mapping from X
to L with value a.
Definition 1. Denote the category of topological spaces and continuous mappings by Top.
For every (X,T ) ∈ Ob(Top) and every x ∈ X, denote the family of all the neighbor-
hoods of x in (X,T ) by NT (x), or by N (x) for short.
Definition 2. ∀a, b ∈ L such that a  b, denote
↑a = {b ∈L: b a}, ↓a = {b ∈ L: b  a}, [a, b] = {c ∈ L: a  c b}.
Definition 3. α ∈ L is called prime, if α < 1 and ∀a, b ∈ L, α  a ∧ b ⇒ α  a or
α  b; called irreducible or meet-irreducible, if α < 1 and ∀a, b ∈L, α = a ∧ b⇒ α = a
or α = b.
The dual notions co-prime and join-irreducible are dually defined.
A join-irreducible element of L is also called an molecule in L.
For every A⊂ L, denote the set of all the prime elements of L in A by pr(A), the set of
all the molecules of L in A by M(A); especially, the sets of all the prime elements and all
the molecules in L are denoted by pr(L) and M(L), respectively.
The following conclusions are well known:
Proposition 1. Let L be a lattice. Then
(i) Every prime element of L is irreducible.
(ii) Every co-prime element of L is join-irreducible.
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(iii) If L is distributive, then for each element a ∈ L, a is prime if and only if a is
irreducible.
(iv) If L is distributive, then for each element a ∈ L, a is co-prime if and only if a is
join-irreducible.
Theorem 1 [7,11,12,15,16]. Let L be a complete lattice. Then the following conditions
are equivalent:
(i) L is completely distributive.
(ii) Every element of L has a minimal set.
(iii) Every element of L has a minimal set consisting of molecules in L.
Corollary 1. Every element in a completely distributive lattice can be represented as a
join of molecules.
Definition 4. For every f ∈ LX and every a ∈ L, denote
f(a) =
{
x ∈X: f (x) a}, f[a] = {x ∈X: f (x) a}
call f[a] the a-level (or a-stratification) of f .
By this definition, the following conclusion is obvious:
Proposition 2. Let f ∈LX , then f =∨a∈L af[a].
Therefore, an L-valued mapping f on X can be naturally represented by some subsets
f[a]’s of X. As for its inverse problem, i.e., to construct levels of an L-valued mapping
on X with a family A of subsets of X what conditions should be required on A, we got
answers in detail, see [10].
Following conclusions can be easily verified:
Proposition 3. Let {ft : t ∈ T } ⊂ LX , a ∈L, γ ∈ pr(L), λ ∈M(L), F ∈ [T ]<ω . Then
(i) (∨t∈T ft )(a) =⋃t∈T (ft )(a).
(ii) (∧t∈F ft )(γ ) =⋂t∈F (ft )(γ ).
(iii) (∧t∈T ft )[a] =⋂t∈T (ft )[a].
(iv) (∨t∈F ft )[λ] =⋃t∈F (ft )[λ].
Proposition 4. Let a ∈ L, f ∈ LX , A⊂ L. Then
(i) f(∧A) =
⋃{f(a): a ∈A}.
(ii) f[∨A] =
⋂{f[a]: a ∈A}.
Definition 5. Let L be a complete lattice. The topologies on L generated, respectively,
by subbases {L\↑a: a ∈ L}, {L\↓a: a ∈ L} and {L\[a, b]: a, b ∈ L, a  b} are called,
respectively, the upper topology, the lower topology and the interval topology of L, and
denote them, respectively, by Ω∗(L), Ω∗(L) and Ω(L). Also denote respectively these
topologies on L by Ω∗, Ω∗ and Ω for short.
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Definition 6. Let (X,T ) be an ordinary topological space, L a complete lattice.
A mapping f :X→ L is called respectively upper semicontinuous, lower semicontinuous
and continuous, if f is respectively continuous for the topologies Ω∗, Ω∗ and Ω .
Proposition 5. Let (X,T ) be a topological space, L a complete lattice. Then a mapping
f :X → L is continuous if and only if f is both upper semicontinuous and lower
semicontinuous.
Then by Proposition 4, we have:
Theorem 2. Let (X,T ) be an ordinary topological space, L a complete lattice, f :X→L
an ordinary mapping, L0 a meet-generating set of L, L1 a join-generating set of L. Then
(i) f is lower semicontinuous if and only if for every a ∈ L0, f(a) is open in (X,T ).
(ii) f is upper semicontinuous if and only if for every a ∈L1, f[a] is closed in (X,T ).
Shorten respectively the phrases “upper semicontinuous”, “lower semicontinuous” and
“continuous” by “u.s.c.”, “l.s.c.” and “c.”. For a complete lattice L, let (US), (LS) and (CT)
denote the following three implications, respectively:
(X,T ) ∈Ob(Top), f ∈ LX is u.s.c. ⇒ For every x ∈X and every
neighborhood base B of x,
f (x)=
∧
U∈B
∨
y∈U
f (y);
(X,T ) ∈Ob(Top), f ∈LX is l.s.c. ⇒ For every x ∈X and every
neighborhood base B of x,
f (x)=
∨
U∈B
∧
y∈U
f (y);
(X,T ) ∈Ob(Top), f ∈ LX is c. ⇒ For every x ∈X and every
neighborhood base B ofx,
f (x)=
∧
U∈B
∨
y∈U
f (y)=
∨
U∈B
∧
y∈U
f (y).
Clearly, (US)+ (LS)⇒ (CT), but the inverse is in general false.
It is also easy to find that the operations in the right sides of the above implications are
parallel to the upper limit and lower limit in analysis.
Theorem 3. Every completely distributive lattice L satisfies both conditions (US) and
(LS).
Proof. Suppose (X,T ) ∈ Ob(Top), f :X → L is an upper semicontinuous mapping,
x ∈ X, B a neighborhood base of x in (X,T ). Let b =∧U∈B∨y∈U f (y), then since
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L is completely distributive,
b=
∨{∧
U∈B
f
(
ϕ(U)
)
: ϕ ∈
∏
U∈B
U
}
.
Let aϕ =∧U∈B f (ϕ(U)) for every ϕ ∈∏U∈BU . Since f is upper semicontinuous, by
Theorem 2(iii), every f[aϕ ] is closed in (X,T ). Moreover, for every U ∈ B, we have
ϕ(U) ∈ U , f (ϕ(U))  aϕ , i.e., ϕ(U) ∈ f[aϕ ] = ∅. Hence x ∈ (f[aϕ ])− = f[aϕ ]. Namely,
for every ϕ ∈∏U∈BU , we have xaϕ  f , and thus xb  f , f (x) b. On the other hand,
obviously f (x) b, so f (x)= b, (US) is true.
Since Lop is still completely distributive [2] we get (LS). ✷
Theorem 4. Let (X,T ) ∈Ob(Top), L a complete lattice. Then for every mapping f :X→
L the following conclusions hold:
(i) If for every x ∈X there exists a family B(x) of neighborhoods (not necessary to be
a neighborhood base) of x such that
f (x)=
∧
U∈B(x)
∨
y∈U
f (y),
then f is upper semicontinuous.
(ii) If for every x ∈X there exists a family B(x) of neighborhoods (not necessary to be
a neighborhood base) of x such that
f (x)=
∨
U∈B(x)
∧
y∈U
f (y),
then f is lower semicontinuous.
Proof. (i) ∀a ∈ L, we want to prove that X\f[a] is open in (X,T ). ∀x ∈X\f[a], we have∧
U∈B(x)
∨
y∈U f (y) = f (x)  a, so ∃U ∈ B(x) such that
∨
y∈U f (y)  a, and hence
∀y ∈ U , f (y) a. That is to say U ⊂ X\f[a]. Thus X\f[a] is an open subset in (X,T ).
By Theorem 2(iii), A is upper semicontinuous.
(ii) Similar to (i). ✷
Recall the concepts of Hausdorff space and compact space in general topology, we have
the following theorems; for their proofs, see [4]:
Theorem 5 [4]. The interval topology on a complete lattice is compact.
Theorem 6 [4]. Let L be a distributive complete lattice, then the following conditions are
equivalent:
(i) L is a completely distributive lattice.
(ii) L is a Hausdorff topological lattice with respect to its interval topology.
Theorem 7. Let L be a distributive complete lattice. Then the following conditions are
equivalent:
Now we can get a topological and analytical characterization for complete distributivity:
326 Y.-M. Liu, M.-K. Luo / Topology and its Applications 122 (2002) 321–335
(i) L is completely distributive.
(ii) L satisfies both conditions (US) and (LS).
Proof. By Theorem 3, (i)⇒(ii). So we need only prove (ii)⇒(i). By Theorem 6 (ii)⇒(i),
we need only prove that L is a Hausdorff topological lattice with respect to its interval
Ω(L).
(1) L is a topological lattice. Denote the product topology of (L,Ω(L))× (L,Ω(L)) by
T , define g,h :L×L→ L by g(x, y)= x ∧ y , h(x, y)= x ∨ y for every (x, y) ∈ L×L,
then we need to prove that both
g : (L×L,T )→ (L,Ω(L)) and h : (L×L,T )→ (L,Ω(L))
are continuous.
For g, by Proposition 5, we need only prove that g is both upper semicontinuous
and lower semicontinuous. ∀a ∈ L, g[a] = (↑a) × (↑a) is closed in (L × L,T ). By
Theorem 2(iii), g is upper semicontinuous. Then what we need is only to prove that
g : (L×L,T )→ L is lower semicontinuous, i.e., to prove the continuity of
g : (L×L,T )→ (L,Ω∗(L)).
∀(x, y) ∈ L × L, ∀V ∈ NΩ∗(L)(g(x, y)), by the definition of lower topology, ∃F ∈
[L]<ω such that g(x, y) ∈ ⋂{L\↓b: b ∈ F } ⊂ V . So ∀b ∈ F , x ∧ y = g(x, y)  b.
Since id : (L,Ω∗(L)) → (L,Ω∗(L)) is continuous, i.e., id : (L,Ω∗(L)) → L is lower
semicontinuous, by (ii), (LS) holds for L, ∀b ∈ F , ∨{∧U : U ∈ NΩ∗(L)(x ∧ y)} =
x ∧ y  b. So ∃Ub ∈ NΩ∗(L)(x ∧ y) such that
∧
Ub  b. By the structure of lower
topology Ω∗(L), ∃Gb ∈ [L]<ω such that x ∧ y ∈ ⋂{L\↓c: c ∈ Gb} ⊂ Ub and hence
x, y ∈ ⋂{L\↓c: c ∈ Gb} for every b ∈ F . Take W = ⋂{⋂{L\↓c: c ∈ Gb}: b ∈ F },
then x, y ∈ W . Since every Gb is finite, ⋂{L\↓c: c ∈ Gb} ∈ Ω∗(L); since F is finite,
W ∈ Ω∗(L). So W ∈ NΩ∗(L)(x), W ∈ NΩ∗(L)(y), W ×W is a neighborhood of (x, y)
in (L,Ω∗(L)) × (L,Ω∗(L)), and hence a neighborhood of (x, y) in (L × L,T ). Now
∀(u, v) ∈ W × W , since W × W ⊂ ⋂{Ub × Ub: b ∈ F } and ∀b ∈ F , ∧Ub  b, we
have g(u, v) = u ∧ v ∧Ub ∧∧Ub =∧Ub , g(u, v)  b for every b ∈ F . So g(u, v) ∈⋂{L\↓b: b ∈ F } ⊂ V , g[W ×W ] ⊂ V . That is to say, g : (L × L,T )→ (L,Ω∗(L)) is
continuous.
(2) L is a Hausdorff space. ∀x, y ∈ L, since id : (L,Ω(L))→ L is continuous and hence
both upper semicontinuous and lower semicontinuous, by (ii)
x =
∧{∨
U : U ∈NΩ(L)(x)
}
, y =
∨{∧
V : V ∈NΩ(L)(y)
}
. (1)
If U ∩ V = ∅ for every U ∈ NΩ(L)(x) and every V ∈ NΩ(L)(y), then ∃zUV ∈ U ∩ V ,∨
U  zUV 
∧
V . By equalities (1), x  y . Similarly prove x  y . So x = y , L is
Hausdorff. ✷
Now turn to a generalization of ordinary step functions on topological spaces:
Definition 7. Let (X,T ) be an ordinary topological space, L a complete lattice. For every
a ∈ L, U ∈ T , denote
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F∗(a,U)= aU, F ∗(a,U)= a ∨ χX\U,
stb∗L(T )=
{
F∗(a,U): a ∈L, U ∈ T
}⊂ LX,
stb∗L(T )=
{
F ∗(a,U): a ∈L, U ∈ T }⊂ LX,
stt∗L(T )=
{∨
A: A⊂ stb∗L(T )
}
⊂ LX,
stt∗L(T )=
{∧
A: A⊂ stb∗L(T )
}
⊂ LX.
Call stb∗L(T ) the step base associated with T , stb∗L(T ) the step co-base associated
with T , stt∗L(T ) the step topology associated with T , stt∗L(T ) the step co-topology asso-
ciated with T .
Denote the family of all the lower semicontinuous mappings from (X,T ) to L by
lcL(T ), the family of all the upper semicontinuous mappings from (X,T ) to L by ucL(T ).
stt∗L(T ) and stt∗L(T ) are called “step topology” and “co-topology” respectively
because it is not hard to verify that if L is infinitely distributive then stt∗L(T ) is closed
under arbitrary join and finite meet in infinite distributive lattice LX , and stt∗L(T ) has the
dull property.
Proposition 6. Let (X,T ) be an ordinary topological space, L a complete lattice, a, b ∈
L, U,V ∈ T . Then
(i) a  b⇒ F∗(a,U)(b) = ∅, a  b⇒ F∗(a,U)(b) =U .
(ii) a  b⇒ F∗(a,U)[b] =X, a  b ⇒ F∗(a,U)[b] =X\U .
(iii) a  b⇒ F ∗(a,U)[b] =X, a  b⇒ F ∗(a,U)[b] =X\U .
(iv) a  b⇒ F ∗(a,U)(b) = ∅, a  b ⇒ F ∗(a,U)(b) =U .
(v) F∗(a,U)∧ F∗(b,V )= F∗(a ∧ b,U ∩ V ).
(vi) F ∗(a,U)∨ F ∗(b,V )= F ∗(a ∨ b,U ∩ V ).
Proposition 7. Let (X,T ) be an ordinary topological space, L a complete lattice. Then
(i) stt∗L(T )⊂ lcL(T ).
(ii) stt∗L(T )⊂ ucL(T ).
Proof. (i) ∀f ∈ stt∗L(T ), ∃A⊂ L× T such that f =∨{F∗(b,U): (b,U) ∈A}. ∀a ∈ L,
by Propositions 3(i) and 6(i),
f(a) =
⋃{
F∗(b,U)(a): (b,U) ∈A
}=⋃{U : ∃b ∈ L, b  a, (b,U) ∈A} ∈ T .
By Theorem 2(i), f ∈ lcL(T ), stt∗L(T )⊂ lcL(T ).
(ii) Similarly prove. ✷
Proposition 8. Let (X,T ) be an ordinary topological space, L a complete lattice, x ∈X,
B a neighborhood base of x in X. Then
(i) f ∈ stt∗L(T )⇒ f (x)=∨U∈B∧y∈U f (y).
(ii) f ∈ stt∗L(T )⇒ f (x)=∧U∈B∨y∈U f (y).
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Theorem 8. Let (X,T ) be an ordinary topological space, L a completely distributive
lattice. Then
(i) stt∗L(T )= lcL(T ).
(ii) stt∗L(T )= ucL(T ).
Proof. (i) Suppose f ∈ lcL(T ). ∀U ∈ T , denote
aU =
∧
y∈U
f (y), g =
∨
U∈T
F∗(aU ,U),
then ∀x ∈X, by Theorem 3, L satisfies (LS),
g(x)=
∨
U∈T
(aU ∧ χU)(x)=
∨
U∈N (x)
aU =
∨
U∈N (x)
∧
y∈U
f (y)= f (x).
So f = g =∨U∈T F∗(aU ,U) ∈ stt∗L(T ), lcL(T ) ⊂ stt∗L(T ). By Proposition 7(i), the
proof is completed.
(ii) Similarly prove. ✷
Then we get another characterization of complete distributivity as follows:
Theorem 9. Let L be a distributive complete lattice. Then the following conditions are
equivalent:
(i) L is completely distributive.
(ii) For every ordinary topological space (X,T ), lcL(T ) ⊂ stt∗L(T ), ucL(T ) ⊂
stt∗L(T ).
Proof. (i)⇒(ii): By Theorem 8.
(ii)⇒(i): Let (X,T ) be an ordinary topological space, f :X→ L a lower semicontin-
uous mapping, x ∈ X, B a neighborhood base of x in X, then f ∈ lcL(T ) ⊂ stt∗L(T ).
By Proposition 8, f (x)=∨U∈B∧y∈U f (y). So (LS) is true for L. Similarly, ucL(T ) ⊂
stt∗L(T ) implies (US). By Theorem 7 (ii)⇒(i), L is completely distributive. ✷
Remark 1. In real analysis, as is well known, semicontinuous functions can be approxi-
mated by step functions. Theorem 9 extends this result into the case of lattice. Moreover,
this theorem shows us: As a range, a distributive complete lattice is completely distrib-
utive if and only if every semicontinuous mapping from a topological space to it can be
approximated by step mappings.
In the sequel, we shall consider the ordered structure of L characterized by L-fuzzy
topological propositions. As a preparation, we introduce some concepts on L-fuzzy
topological spaces:
Definition 8. For every non-empty set X and every complete lattice L, call LX an L-
fuzzy space and every A ∈ LX an L-fuzzy subset on X. For every A ∈ LX , denote
supp(A) = {x ∈ X: A(x) > 0}, called the support of A. An L-fuzzy point in LX is an
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L-fuzzy subset xa ∈ LX , where x ∈ X, a ∈ L\{0}, such that xa(y) = a for y = x and
xa(y)= 0 for y ∈X\{x}. For every A⊂ X, define the characteristic function of A as an
L-fuzzy subset χA such that χA(x)= 1 for every x ∈X and χA(x)= 0 for every x ∈X\A.
Define a relation  on LX as follows: ∀U,V ∈ LX ,
U  V ⇐⇒ ∀x ∈X, U(x) V (x).
Then is a partial order on LX , and hence there also exist lattice operations join∨ and
meet
∧
on LX as follows: ∀A⊂ LX ,∨
A(x)=
∨
A∈A
A(x),
∧
A(x)=
∧
A∈A
A(x).
If there exists an order reverse involution ′ :L→ L onL, then an order reverse involution
′ :L→L on LX can be also defined as follows: ∀A ∈LX , ∀x ∈X,
A′(x)=A(x)′.
Let LX,LY be L-fuzzy spaces, f :X→ Y a mapping. Based on f :X→ Y , define L-
fuzzy mapping f→ :LX → LY and its L-fuzzy reverse mapping f← :LY → LX by
f→ :LX →LY , f→(A)(y)=
∨{
A(x): x ∈X, f (x)= y}, ∀A ∈LX, ∀y ∈ Y,
f← :LY →LX, f←(B)(x)= B(f (x)), ∀B ∈ LY , ∀x ∈X.
Definition 9. Call a completely distributive lattice L with an order reverse involution
′ :L→ L a fuzzy lattice. Let L be a fuzzy lattice. δ ⊂ LX is called an L-fuzzy topology
on X, if δ is closed under arbitrary join and finite meet; especially, 0,1 ∈ δ. Call (LX, δ)
an L-fuzzy topological space, or call it an L-fts for short. Every U ∈ δ is called an open
subset in (LX, δ), and every P ∈ LX such that P ′ ∈ δ is called a closed subset in (LX, δ).
Denote the family of all the closed subsets in (LX, δ) by δ′.
Definition 10. Let (LX, δ) be an L-fts, xa ∈ Pt(LX), A,B ∈LX .
Say A quasi-coincides with B at x , if A(x)  B ′(x); say A quasi-coincides with B ,
denoted by AqˆB , if A quasi-coincides with B at some point x ∈ X. Denote the relation
“does not quasi-coincide with” by ¬qˆ .
U ∈ δ is called a quasi-coincident neighborhood of xa in (LX, δ), shortened as Q-neigh-
borhood, if xaqˆU , i.e., xa quasi-coincides with U . The family of all the Q-neighborhoods
of xa in (LX, δ) is called the Q-neighborhood system of xa , denoted by Qδ(xa) or Q(xa)
for short.
For every L-fts (LX, δ), denote [δ] = {U ⊂X: χU ∈ δ}, where χU :X→ {0,1} ⊂ L is
the characteristic function of U ⊂X on X; call the ordinary topological space (X, [δ]) the
background space of (LX, δ).
Proposition 9. Let A ∈LX , {At : t ∈ T } ⊂ LX , then Aqˆ∨t∈T At ⇐⇒∃t ∈ T , AqˆAt .
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Definition 11. Let (LX, δ) be an L-fts, A ∈ LX . Define respectively the interior A◦ and
the closure A− of A as
A◦ =
∨
{U ∈ δ: U A}, A− =
∧{
P ∈ δ′: P A}.
Definition 12. Let (LX, δ) be an L-fts. δ or (LX, δ) is called L-valued weakly induced
or weakly induced for short, if every U ∈ δ is a lower semicontinuous mapping from the
background space (X, [δ]) to L; is called L-valued stratified or stratified for short, if a ∈ δ
for every a ∈L; is called L-valued induced or induced for short, if (LX, δ) is both weakly
induced and stratified.
Definition 13. Let (LX, δ) be an L-fts, A,B ∈LX .
A and B are called separated, if
A− ∧B =A∧B− = 0.
A is called connected, if there not exist separated C,D ∈ LX\{0} such that A= C ∨D.
Call (LX, δ) is connected, if the largest L-fuzzy subset 1 is connec]ted.
Definition 14. A lattice L is called anti-diamond-type, if there not exists a sublattice of L
which is isomorphic to the diamond-type lattice; i.e., there not exist a, b ∈ L\{0,1} such
that a ∧ b = 0, a ∨ b = 1.
Then we have the following results:
Theorem 10. Let L be a fuzzy lattice. Then the following conditions are equivalent:
(i) L is anti-diamond-type.
(ii) For every L-fts (LX, δ), (LX, δ) is connected if and only if (X, [δ]) is connected.
(iii) For every weakly induced L-fts (LX, δ), (LX, δ) is connected if and only if (X, [δ])
is connected.
(iv) For every induced L-fts (LX, δ), (LX, δ) is connected if and only if (X, [δ]) is
connected.
Proof. (i)⇒(ii): “(LX, δ) is connected ⇒ (X, [δ]) is connected” is clearly always true.
Suppose (LX, δ) is weakly induced, (X, [δ]) is connected. If (LX, δ) is not connected, then
∃A,B ∈ LX\{0} separated and A∧B = 0, A∨B = 1. If A is not crisp, then ∃x ∈ supp(A)
such that A(x) /∈ {0,1}. Denote a = A(x), b = B(x), then by A ∧ B = 0, A ∨ B = 1 we
have b /∈ {0,1}, a ∧ b = 0, a ∨ b = 1. But this contradicts with (i), so A is crisp. Similarly,
B is also crisp, ∃C,D ⊂ X such that C,D = ∅, A = χC , B = χD . So C ∪ D = X. By
Proposition 3(iii) and A− ∧B = 0, we have
(
A−
)
[1] ∩D =
(
A−
)
[1] ∩B[1] =
(
A− ∧B)[1] = 0[1] = ∅.
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Similarly, C ∩ (B−)[1] = ∅. Since (LX, δ) is weakly induced, by Theorem 2(iii), both
(A−)[1] and (B−)[1] are closed in (X, [δ]). Then by C = A[1] ⊂ (A−)[1], D = B[1] ⊂
(B−)[1] we have C− ⊂ (A−)[1], D ⊂ (B−)[1], and hence
C− ∩D ⊂ (A−)[1] ∩D = ∅, C ∩D− ⊂ C ∩ (B−)[1] = ∅.
But C ∪D =X, so (X, [δ]) is not connected.
(ii)⇒(iii): Obvious.
(iii)⇒(i): SupposeL is not anti-diamond-type, then ∃a, b ∈ L\{0,1} such that a∧b= 0,
a ∨ b = 1. Take X as a singleton {x}, δ as the discrete L-fuzzy topology on X, then
(LX, δ) is certainly induced and (X, [δ]) is connected. But for A = xa , B = xb we have
A− ∧B =A∧B− = 0, A∨B = 1, (LX, δ) is not connected. ✷
Now we consider the possibility of characterizing lattice theoretical property with the
validity of L-fuzzy topological propositions on density. First of all, we introduce the
following set-theoretical conclusion:
Lemma 1. Let {At : t ∈ T } be a family nonempty sets, κ  ω, |At | κ for every t ∈ T and
|T | 2κ . Then there exists A⊂∏t∈T At satisfying the following conditions:
(i) |A| κ .
(ii) For every x ∈∏t∈T At and every finite subset C ⊂ T , there exists a ∈ A such that
pt(a)= pt(x) for every t ∈C.
Proof. Take a set S such that |S| = κ . Since |T |  2κ , we can assume T ⊂ 2S . Denote
F = {M: ∃F ∈ [S]<ω , M ⊂ 2F }, then by κ  ω, |F | = |S| = κ . ∀M ∈F , ∀f ∈M , ∀t ∈ T ,
we denote f  t if f (s)= t (s) for every s ∈ dom(f ).
Suppose t0, . . . , tn ∈ T , ti = tj whenever i = j , then ∃sij ∈ S such that ti(sij ) = tj (sij )
for every two distinguished i, j  n. Take F = {sij : i, j  n}. For every i  n, define fi ∈
2F as fi(s)= ti (s) for every s ∈ F , then fi  ti for every i  n and M = {fi : i  n} ⊂ 2F ,
M ∈F . Suppose fi, fj ∈M , fi = fj , r, t ∈ T , fi  r , fj  t , then we have
r(sij )= fi(sij )= ti (sij ) = tj (sij )= fj (sij )= t (sij ),
so r = t . That is to say, ∀C ∈ [T ]<ω, ∃M ∈F such that
(1) there exists bijective mapping ϕC :M→ C such that ∀f ∈M , f  ϕC(f );
(2) r, t ∈ C, f,g ∈M , f = g, f  r , g  t ⇒ r = t .
For every t ∈ T , since |At | κ , there exists a surjective mapping ht :S→At . ∀M ∈F ,
take AM ⊂∏t∈T At as
a ∈AM ⇐⇒ ∃sa ∈ S, ∀f ∈M, ∃sf ∈ S,
pt (a)=
{
ht (sf ), ∃f ∈M, f  t ,
ht (sa), otherwise.
By (2), the definition is reasonable. By |M| < ω, |AM |  |[S]<ω| = |S| = κ . Take A =⋃
M∈F AM , by |F | = κ , we have |A| κ · κ = κ , (i) is satisfied.
∀x ∈∏t∈T At , ∀C ∈ [T ]<ω , ∃M ∈ F satisfying conditions (1), (2). Take a ∈∏t∈T At
as follows: Fix a sa ∈ S. ∀f ∈M , by (1), f  ϕC(f ) ∈ C. Since hϕC(f ) :S → AϕC(f ) is
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surjective, ∃sf ∈ S such that hϕC(f )(sf )= pϕC(f )(x). ∀t ∈ T , if ∃f ∈M such that f  t ,
take pt(a)= ht (sf ); otherwise, take pt(a)= ht (sa}. So we get a ∈AM ⊂A, and ∀r ∈ C,
by (1) and (2), ∃f = ϕ−1C (r) ∈M , f  r ,
pr(a)= hr(sf )= hϕC(f )(sf )= pϕC(f )(x)= pr(x).
(ii) is also proved. ✷
Certainly, the lattice theoretical property on the range directly affects the topological
property such as density of an L-fuzzy topological space just as the theorem in the sequel
shows.
Definition 15. Let (LX, δ) be an L-fts. Define the density d(δ) of (LX, δ) by
d(δ)=min{|A|: A ∈LX, A− = 1}.
Definition 16. Let {(LXt , δt ): t ∈ T } be a family of L-fts, At ∈ LXtt for every t ∈ T .
Denote X =∏t∈T Xt .
For every t ∈ T , suppose pt :X→ Xt is the ordinary projection, define the projection
from L-fuzzy space LX to L-fuzzy space LXt as p→t :LX → LXt . Define the product
topology of L-fuzzy topologies {δt : t ∈ T } on X, denoted by ∏t∈T δt , as, the L-fuzzy
topology δ on X generated by the subbase {p←t (Ut ): Ut ∈ δt , t ∈ T }, and call the L-fts
(LX, δ) the product space of L-fts {(LXt , δt ): t ∈ T }, or an L-fuzzy product space, denote
it by
∏
t∈T (LXt , δt ). For every t ∈ T , call (LXt , δt ) a factor space of the product space∏
t∈T (LXt , δt ); sometimes also call (LXt , δt ) the t th factor space to emphasize its index t .
Define the product of L-fuzzy subsets {At : t ∈ T }, denoted by ∏t∈T At , as∏
t∈T
At =
∧{
p←t (At ): t ∈ T
}
.
The following result is a generalization of The Hewitt–Marczewski–Pondiczery theo-
rem:
Theorem 11. Let {(LXt , δt ): t ∈ T } be a family of L-fts, (LX, δ) their L-fuzzy product
space, 1 ∈M(L), κ  ω. Then
(i) If d(δt ) κ for every t ∈ T , |T | 2κ , then d(δ) κ .
(ii) If d(δt ) κ for every t ∈ T , |T |> 2κ , then d(δ) |T |.
Proof. (i) ∀t ∈ T , take Ct ⊂M(LXt ) such that |Ct | = d(δt ), (∨Ct)− = 1. Clearly, by
1 ∈ M(L), we can assume ∀e ∈ Ct , ht(e) = 1. Denote At = {supp(e): e ∈ Ct }, then
At ⊂ Xt , |At |  |Ct |  d(δt )  κ . By Lemma 1, ∃A ⊂∏t∈T At ⊂∏t∈T Xt satisfying
conditions (i), (ii) in Lemma 1. Let A∗ = {x1: x ∈A} ⊂M(LX), then |A∗| = |A| κ . So
we need only prove (
∨
A∗)− = 1. ∀zλ ∈M(LX), ∀W ∈ Qδ(zλ), then ∃F ∈ [T ]<ω such
that ∀t ∈ F , ∃Ut ∈ δt , V =∧t∈F p←t (Ut )W , V ∈Qδ(zλ). So ∀t ∈ F , Ut ∈Qδt (pt (z)λ).
Since (
∨
Ct)
− = 1, Ut qˆ∨Ct . By Proposition 9, ∃xt1 ∈ Ct such that xt1qˆUt , 1Ut(xt )′.
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By Lemma 1, ∃a ∈A such that ∀t ∈ F , pt (a)= pt (xt). Since 1Ut (xt)′ for every t ∈ F
and 1 ∈M(L),
1
∨
t∈T
Ut
(
xt
)′ =
(∧
t∈T
Ut
)′
(a)= V ′(a).
Then a1qˆV . Since a1 ∈ A∗, by the arbitrariness of zλ ∈M(LX), (∨A∗)− = 1, d(δ) 
|A∗| κ .
(ii) Take Ct and At for every t ∈ T as in the proof of (i). Fix an ordinary set S such that
|S| = κ , then since |At | κ for every t ∈ T , there exists a surjective mapping ht :S→At
for every t ∈ T . Let
A= {a ∈X: ∃F ∈ [T ]<ω, ∃s ∈ S, ∀t ∈ F, pt (a) ∈At, ∀t ∈ T \F, pt (a)= ht (s)},
then by |T | > 2κ , |A| κ · |[T ]<ω| = |T |. Denote A∗ = {a1: a ∈ A}, then |A∗| = |A|
|T |. Just as the proof of (i), one can easily find (∨A∗)− = 1. So the conclusion holds. ✷
Usually, we define mappings on sets; but since the following investigation involves
classes, more exactly, categories, we need a concept of mapping defined on classes.
Obviously, we can define this concept parallel to the ordinary one. So in the sequel, we
will not specify a mapping which is not defined on sets but on classes.
Definition 17. Denote the category of all cardinal numbers and all the order preserving
mappings among them by Card. Denote the category of all completely distributive lattices
and all the complete lattice homomorphisms among them by CDL.
In Theorem 11, we have found that the condition “1 ∈M(L)” makes the generalized
Hewitt–Marczewski–Pondiczery theorem hold; but how about its inverse proposition? This
is just what we shall answer in the following theorem. In fact, we shall prove a conclusion
which is far more stronger than the inverse proposition in the following meaning:
“If the largest element of L is not join-irreducible, then it is impossible to find a
representation of an upper bound of the density of the L-fuzzy product space for every
family of factor spaces, such that the representation consists of the densities and numbers
of factor spaces even plus the size of the range L.”
Theorem 12. Let L be a fuzzy lattice. Then the following conditions are equivalent:
(i) 1 ∈M(L).
(ii) There exist mappings
l : Ob(CDL)→Ob(Card) and f : Ob(Card)3 →Ob(Card)
such that for every κ  ω, every family {(LXt , δt ): t ∈ T } of L-fts with property
d(δt)  κ for every t ∈ T , and their L-fuzzy product space (Lx, δ), d(δ) 
f (κ, |T |, l(L)).
Proof. (i)⇒(ii): This has been proved in Theorem 11.
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(ii)⇒(i): Suppose 1 /∈ M(L), then ∃a, b ∈ L such that a, b < 1, a ∨ b = 1. Take a
cardinal number κ  ω such that |M(L)| κ .
We shall show: For every cardinal number σ , there exist two L-fts (LXs , δs), (LXt , δt )
such that dn(δs),dn(δt ) κ ; but for their L-fuzzy product space (LX, δ), dn(δ) > σ . Then
it completes the proof.
Take ordinary set Xs = {u} as a singleton, Xt as an ordinary set such that u ∈ Xt and
|Xt |> σ+, where σ+ is the successor cardinal number of σ . Denote X =Xs ×Xt . Define
δs ⊂ LXs , δt ⊂ LXt as follows:
δs = {0, ua′,1}, δt = {0,1} ∪
{
ub′ ∨ χA: A⊂Xs\{u}
}
,
then δs and δt are clearly L-fuzzy topologies on Xs and Xt , respectively. For C = {uλ: λ ∈
M(L)} ⊂M(LXs ),M(LXt ), we have (∨C)− = (u1)− = 1 in both (LXs , δs) and (LXt , δt ).
So dn(δs),dn(δt ) |C| |M(L)| κ .
We now prove the following implication:
C ⊂M(LX), (∨C)− = 1⇒ {supp(e): e ∈C}⊃X\{(u,u)}, (∗)
then |C| |Xt\{u}| σ+, it clearly completes the proof.
Suppose C ⊂M(LX) such that {supp(e): e ∈ C} ⊃X\{(u,u)}, then ∃v ∈Xt\{u} such
that supp(e) = (u, v) for every e ∈C. By v = u, we have
U = ua′ ∈ δs, V = ub′ ∨ v1 ∈ δt .
Since a ∨ b = 1, a′ ∧ b′ = 0, so by a < 1,
W = ps←(U)∧ pt←(V )= (u, v)a′,
W ′ = (u, v)a ∨ χX\{(u,v)}< 1.
Since there not exists e ∈C such that supp(e)= (u, v), we have∨C W ′ ∈ δ′, (∨C)− 
(W ′)− =W ′ < 1. So relation (∗) is true. ✷
References
[1] G. Gerla, On fuzzy convergence, Information Sci. 39 (3) (1986) 269–284.
[2] G. Gierz, K.H. Hofmann, K. Keimel, J.D. Lawson, M. Mislove, D.S. Scott, A Compendium of
Continuous Lattices, Springer, Berlin, 1980.
[3] B. Hutton, Uniformities on fuzzy topological spaces, J. Math. Anal. Appl. 58 (1977) 559–571.
[4] P.T. Johnstone, Stone Spaces, Cambridge Univ. Press, Cambridge, 1982.
[5] E. Lowen, R. Lowen, Characterization of convergence in fuzzy topological spaces, Internat. J.
Math. Math. Sci. 8 (3) (1985) 497–511.
[6] E. Lowen, R. Lowen, P. Wuyts, The categorical topology approach to fuzzy topology and fuzzy
convergence, Fuzzy Sets Systems 40 (2) (1991) 347–373.
[7] Y.-M. Liu, Intersection operation on union-preserving mappings in completely distributive
lattices, J. Math. Anal. Appl. 84 (1981) 249–255.
[8] Y.-M. Liu, On fuzzy convergence classes, Fuzzy Sets Systems 30 (1989) 47–51.
[9] Y.-M. Liu, Fuzzy topology, stratifications and category theory, in: Wang, Loe (Eds.), Between
Mind and Computer, Singapore, 1993.
Y.-M. Liu, M.-K. Luo / Topology and its Applications 122 (2002) 321–335 335
[10] Y.-M. Liu, M.-K. Luo, Fuzzy Topology, World Scientific, Singapore, 1998.
[11] Y.-W. Peng, N -compactness in L-fuzzy topological spaces, Acta Math. Sinica 29 (1986) 555–
558 (in Chinese).
[12] Y.-W. Peng, Geometrical characterization of N -compactness in L-fuzzy topological spaces,
Adv. in Math. 16 (1987) 87–90 (in Chinese).
[13] B.-M. Pu, Y.-M. Liu, Fuzzy topology I, neighborhood structure of a fuzzy point, J. Sichuan
Univ., Natural Sci. Edition 1 (1977) 31–50 (in Chinese); English edition see: J. Math. Anal.
Appl. 76 (1980) 541–599.
[14] G.-J. Wang, Pointwise topology on completely distributive lattices, Fuzzy Sets Systems 30 (1)
(1980) 53–62.
[15] G.-J. Wang, On the structure of fuzzy lattices, Acta Math. Sinica 4 (1986) 539–543.
[16] G.-J. Wang, Theory of L-Fuzzy Topological Spaces, Shaanxi Normal Univ. Press, 1988 (in
Chinese).
[17] D.-S. Zhao, The N -compactness in L-fuzzy topological spaces, J. Math. Anal. Appl. 128 (1987)
64–79.
